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Abstract
A graph H of order n is said to be k-placeable into a graph G of order n, if G contains k edge-disjoint copies of H. It is well known
that any non-star tree T of order n is 2-placeable into the complete graph Kn. In the paper by Kheddouci et al. [Packing two copies
of a tree into its fourth power, Discrete Math. 213 (2000) 169–178], it is proved that any non-star tree T is 2-placeable into T 4. In
this paper, we prove that any non-star tree T is 2-placeable into T 3.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We consider ﬁnite undirected graphs without loops or multiple edges. For a graph G, we denote by V (G) and E(G)
the set of vertices and the set of edges of G, respectively. We simply write |G|, ‖G‖ for |V (G)|, |E(G)|. For an edge
set B ⊂ E(G), we denote by G − B the graph (V (G),E(G)\B). We denote by degG(v) the degree of a vertex v in
G. We denote by distG(x, y) the distance between two vertices x and y in G. For a positive integer i, we denote by Gi
the graph with V (Gi) = V (G) and E(Gi) = {xy|x, y ∈ V (G), x = y, distG(x, y) i}. A graph S is called a star if S
is a complete bipartite graph K1,n or a trivial graph, and a tree T is called a non-star tree if T is not a star. A graph H
is said to be embeddable into a graph G, if G contains a subgraph isomorphic to H. It is well known that any non-star
tree T of order n is embeddable into its complement T . We can regard the complement of T as Kn − E(T ), where
Kn is the complete graph with V (Kn) = V (T ). Note here that T n−1 is the complete graph of order n. Then the above
well-known result is equivalent to saying that any non-star tree T is embeddable into T n−1 − E(T ). Kheddouci et al.
[4] improved the exponent n − 1 to 4.
Theorem 1.1 (Kheddouci et al. [4]). Any non-star tree T is embeddable into T 4 − E(T ).
They also conjectured that any non-star treeT is embeddable into T 3−E(T ). Germain and Kheddouci [1] proved that
if T is a caterpillar, the conjecture is true. However, Kaneko and Suzuki [2] found a counterexample to the conjecture.
Thus, Theorem 1.1 is best possible for T i .
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A graph H is said to be k-placeable into a graph G, if G contains k edge-disjoint subgraphs isomorphic to H. Recall
the above well-known result, that is, any non-star tree T of order n is embeddable into Kn − E(T ). This immediately
gives the following corollary: any non-star tree T of order n is 2-placeable into the complete graph Kn. Wang and
Sauer [5] proved that excepting some types of trees, any non-star tree T of order n is 3-placeable into the complete
graph Kn.
Similarly, Theorem 1.1 gives the following corollary:
Corollary 1.2 (Kheddouci et al. [4]). Any non-star tree T is 2-placeable into T 4.
Kheddouci [3] proved that some trees are 2-placeable into their third power. Note that a 2-placing into a graph T i
is freer than an embedding into T i − E(T ), that is, for a 2-placing we can twirl two copies of T on T i but for an
embedding we can twirl only one copy of T. We noticed this freedom, and conjectured that T is 2-placeable into T 3. In
this paper, we prove this conjecture is true.
Theorem 1.3. Any non-star tree T is 2-placeable into T 3.
A path P is not 2-placeable into P 2, because we need 2‖P ‖ edges in P 2 but ‖P 2‖ = 2‖P ‖ − 1< 2‖P ‖. Thus, this
theorem is best possible for T i .
Actually, we prove the stronger theorem in the remaining sections. In Section 2, we describe notations, deﬁnitions,
and Theorem 2.1 which leads to Theorem 1.3. In Section 3, we present four lemmas to prove Theorem 2.1. In Section
4, using these lemmas we prove Theorem 2.1.
2. Preliminaries
For a graph G, we denote by Vk(G) the set of vertices of degree k in G. We denote by Vk(G) the set of vertices
of degree at least k in G. We denote by G the complement of G. For a vertex set A, we denote by G + A the graph
(V (G) ∪ A,E(G)), and by G − A the induced subgraph of G on V (G)\A. For an edge set B ∈ E(G) ∪ E(G),
we denote by G + B the graph (V (G),E(G) ∪ B), and by G − B the graph (V (G),E(G)\B). For a graph H, we
denote by G + H the graph (G + V (H)) + E(H), and by G − H the graph G − V (H). For a vertex v and an
edge e, we simply write G + v, G − v, G + e, and G − e rather than G + {v}, G − {v}, G + {e}, and G − {e},
respectively.
For a non-star tree T, let 1 and 2 be bijections from V (T ) to V (T ) such that i (x)i (y) is an edge of T 3 whenever
xy ∈ E(T ). Then T 3 contains two subgraphs T1 and T2 isomorphic to T with
V (Ti) = V (T ),
E(Ti) = {i (x)i (y)|xy ∈ E(T )}.
T is said to be 2-placeable into its third power T 3, if T1 and T2 are edge-disjoint. Then the set {1, 2} is called a
2-placement of T into T 3.
For a vertex set A ⊂ V (T ), T is said to be A-good if T has a 2-placement {1, 2} into T 3 such that for each vertex
x ∈ A the following either condition holds;
(1) x = 1(x) and 1distT (x, 2(x))2, or
(2) x = 2(x) and 1distT (x, 1(x))2.
Then the set {1, 2} is called an A-good placement of T into T 3. In this paper, we show the following theorem that
gives Theorem 1.3.
Theorem 2.1. Any non-star tree T is V1(T )-good.
3. Lemmas
Lemma 3.1. Any path P of order at least 4 is V1(P )-good.
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Fig. 2. T of Lemma 3.2.
Proof. Set V (P ) = {x1, x2, . . . , xn} and E(P ) = {xixi+1 | i = 1, . . . , n − 1}. See Fig. 1. When n is even, say n = 2m,
P 3 has two edge-disjoint copies P1 and P2 of P such that
V (P1) = V (P2) = V (P ),
E(P1) = {x1x3, x3x2, x2ix2i+3, x2i+3x2i+2, x2m−2x2m | i = 1, . . . , m − 2},
E(P2) = {x2x1, x1x4, x2i+2x2i+1, x2i+1x2i+4, x2mx2m−1 | i = 1, . . . , m − 2}.
Then we have 2-placement {1, 2} into P 3 such that 1(x1)= x1, 1(xn)= xn, 2(x1)= x2, 2(xn)= xn−1. Thus P is
V1(P )-good, that is {x1, xn}-good, because x1 =1(x1), distT (x1, 2(x1))=1, xn=1(xn), and distT (xn, 2(xn))=1.
When n is odd, say n = 2m + 1, P 3 has two edge-disjoint copies P1 and P2 of P such that
V (P1) = V (P2) = V (P ),
E(P1) = {x1x3, x3x2, x2ix2i+3, x2i+3x2i+2, x2m−2x2m+1, x2m+1x2m | i = 1, . . . , m − 2},
E(P2) = {x2x1, x1x4, x2i+2x2i+1, x2i+1x2i+4, x2mx2m−1, x2m−1x2m+1 | i = 1, . . . , m − 2}.
Then we have 2-placement {1, 2} into P 3 such that 1(x1)= x1, 1(xn)= xn−1, 2(x1)= x2, 2(xn)= xn. Thus P is
V1(P )-good, that is {x1, xn}-good, because x1 =1(x1), distT (x1, 2(x1)) =1, xn=2(xn), and distT (xn, 1(xn))=1.
Lemma 3.2. Let T be a non-star tree such that for some vertex x of T, at least two components of T − x are paths of
order at most 4. Let P(1), P (2), . . . , P (t) (t2) be t of those paths, and suppose that x is adjacent to an end vertex
of each P(i). Set H = T −⋃ti=1P(i). If H is a non-star tree and V1(H) ∪ {x}-good, then T is V1(T ) ∪ {x}-good (see
Fig. 2).
Proof. By the assumption, we have a V1(H) ∪ {x}-good placement {1, 2} of H into H 3. Let H1 and H2 be two
edge-disjoint copies of H in H 3 obtained from 1 and 2. By the symmetry of the conditions (1) and (2), we may
assume that x = 1(x) and 1distH (x, 2(x))2. We prove the lemma by induction on t. It is sufﬁcient to consider
three cases, t = 2, t = 3, and t4.
In the case of t = 2, we consider 10 subcases for |P(1)| and |P(2)|, and the proofs are presented in Fig. 3. For
example, we can prove the case (2 − 3) where |P(1)| = 2 and |P(2)| = 3, as follows. Set V (P (1)) = {p1, p2},
E(P (1)) = {p1p2}, V (P (2)) = {q1, q2, q3}, and E(P (2)) = {q1q2, q2q3}, where xp1, xq1 ∈ E(T ). Let P and Q
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Fig. 3. Proofs for t = 2.
be two paths P(1) + x + xp1 and P(2) + x + xq1, respectively. Note that we assumed above that x = 1(x) and
1distH (x, 2(x))2, so 2distT (p1, 2(x))3 and 2distT (q1, 2(x))3. Thus, T 3 has two edge-disjoint
copies PQ1 and PQ2 of P + Q such that
V (PQ1) = {x, p1, p2, q1, q2, q3},
V (PQ2) = {2(x), p1, p2, q1, q2, q3},
E(PQ1) = {xp2, p2p1, xq3, q3q1, q1q2},
E(PQ2) = {2(x)q1, q1p2, 2(x)p1, p1q2, q2q3}.
Then we have 2 edge-disjoint copies H1 + PQ1 and H2 + PQ2 of T in T 3, and we have also 2-placement {′1, ′2}
of T into T 3 such that ′1(V (H)) = 1(V (H)), ′2(V (H)) = 2(V (H)), ′1(p2) = p1, ′1(q3) = q2, ′2(p2) = p2, and
′2(q3)=q3. Then distT (p2, ′1(p2))=1, and distT (q3, ′1(q3))=1. Therefore, {′1, ′2} is V1(T )∪{x}-good placement
of T into T 3. In the other subcases, we can prove similarly (see Fig. 3). Note that in the case (1 − 1), we must choose
{′1, ′2}such that ′1(p1) = p1, ′1(q1) = q1, ′2(p1) = q1, and ′2(q1) = p1.
In the case of t = 3, we consider 11 subcases for |P(1)|, |P(2)|, and |P(3)|. If one of these three paths has order 4,
say P(3), then applying the inductive hypothesis to T ′ = T − P(3) we have V1(T ′) ∪ {x}-good placement {1, 2} of
T ′ into T ′3. Thus, we can prove similarly to the case of t = 2 (see Fig. 4(4)). Hence we may assume that |P(i)|3 for
all i. For each subcase, the proof similar to the case of t = 2 is presented in Fig. 4.
In the case of t4, let Pa and Pb be two of the t paths. Applying the inductive hypothesis to T ′ = T − Pa − Pb, it
is proved that T ′ is V1(T ′) ∪ {x}-good. Therefore, applying the inductive hypothesis to T for H = T ′ and t = 2, it is
proved that T is V1(T ) ∪ {x}-good.
Lemma 3.3. If H of Lemma 3.2 is trivial, that is V (H) = {x}, then T is V1(T )-good.
Proof. If t = 2 then T is a path of order at least 4 because T is not star, so T is V1(T )-good by Lemma 3.1. We may
assume t3. If |Pi |3 for some i (1 i t), then
H ′ = T −
t⋃
k=1
k =i
P (k)
is a path of order at least 4. Thus, H ′ is V1(H ′) ∪ {x}-good by Lemma 3.1, so T is V1(T )-good by Lemma 3.2. Hence,
we may assume that |Pi |2 for all i (1 i t).
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Fig. 4. Proofs for t = 3.
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Fig. 5. |Pi | = 2 for all i.
If |Pi | = 2 for all i (1 i t), then we see that T is V1(T )-good as illustrated in Fig. 5.
Thus, we may assume that for some i (1 i t), |Pi |= 1. Then for some j (1j t), |Pj |= 2, because T is non-star
tree. Without loss of generality, we may assume |P(1)| = 1 and |P(2)| = 2. If t4, then
H ′ = T −
t⋃
k=3
P(k)
is V1(H ′) ∪ {x}-good as illustrated in Fig. 6, so T is V1(T )-good by Lemma 3.2.
If t = 3, then we see that T is V1(T )-good as illustrated in Fig. 7.
Lemma 3.4. Let T be a tree. If V3(T ) = ∅, then there exists a vertex z ∈ V3(T ) such that for some component H
of T − z, V3(T ) − z ⊂ V (H).
Proof. Select a vertex z ∈ V3(T ) and a component H of T −z, so that |{V3(T )−z}∩V (H)| is maximum. Suppose
V3(T )−zV (H). Then for some z′ ∈ {V3(T )−z}\V (H), H and z are contained in some component H ′ of T −z′,
which contradicts the maximality of |{V3(T ) − z} ∩ V (H)|.
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Fig. 7. The case of t = 3.
4. Proof of Theorem 2.1
We proceed by induction on |T |. Recall that a graph S is called star if S is a complete bipartite graph K1,n or a trivial
graph. Thus, |T |4 because T is a non-star tree. If |T | = 4, then T is a path. Hence, T is V1(T )-good by Lemma 3.1.
Suppose that |T |5 and any non-star tree T ′ with |T ′|< |T | is V1(T ′)-good. We consider two cases.
Case 1: There exists a vertex x of degree 2 such that some component of T − x is a path P of order at least 4.
We select a vertex x so that |T − P | is maximum. Suppose that T − P is a non-star tree and x is adjacent to a
vertex x1 ∈ V1(P ). By the inductive hypothesis, T −P is V1(T −P)-good. By Lemma 3.1, P is also V1(P )-good (see
Fig. 1 again). Since x ∈ V1(T − P), we see that T is V1(T )-good as illustrated in Fig. 8.
Suppose that T −P is a non-star tree and x is adjacent to a vertex y ∈ V (P )−V1(P ), Then T − y has exactly three
components H, P(1), and P(2), where x ∈ V (H) and P(1), P(2) are paths. By the maximality of |T − P |, we may
assume that both P(1) and P(2) are paths of order at most 4. Set H ′ =T −P(1)−P(2). Since T −P is non-star tree,
H ′ is non-star tree. By the inductive hypothesis,H ′ is V1(H ′)-good. Note that y ∈ V1(H ′), soH ′ is V1(H ′)∪{y}-good.
Thus, T is V1(T )-good by Lemma 3.2.
Suppose that T − P is a star. We may assume T is not a path by Lemma 3.1. Let x− and x+ are vertices adjacent to
x, where x+ ∈ V (P ). Then x− is the center of the star T − P .
If x+ ∈ V1(P ), then degT (x−)3 and the path x−x + xx+ +P is V1-good. Thus, T is V1(T )-good by Lemma 3.2.
If x+ /∈V1(P ), then T − x+ has exactly three components H, P(1), and P(2), where x ∈ V (H) and P(1), P(2) are
paths. By the maximality of |T − P |, we may assume that both P(1) and P(2) are paths of order at most 4. Hence if
degT (x
−)2 then T is V1(T )-good by Lemma 3.3. We may assume degT (x−)3. The non-star tree x−x + xx+ +P
is V1-good by Lemma 3.3. Thus, T is V1(T )-good by Lemma 3.2.
Case 2: For any vertex v of degree 2, no component of T − v is a path P of order at least 4.
x
2
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(x)= =
x
x 1
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1
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=
1
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1
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Fig. 8. We have 1(x)1(x1) and 2(x)2(x1) in T 3.
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Fig. 9. For some x ∈ V3(T ), degH (x) = 1 by Lemma 3.4.
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Fig. 11. H is a star. T − Y is also a star.
By Lemma 3.4, there exists a vertex x of degree at least 3, such that at least two components of T − x are paths,
say P(1), P (2), . . . , P (t) (t2), and degH (x) = 1 (H = T −
⋃t
i=1Pi). By our assumption in Case 2, |P(i)|4
(see Fig. 9).
IfH is a non-star tree, then by the inductive hypothesis,H is V1(H)-good. Thus, by Lemma 3.2, T is also V1(T )-good.
Hence, we may assume H is a star. If H is either K1,2 or the center of the star H is x, then by Lemma 3.3, T is
V1(T )-good. The other situation is as illustrated in Fig. 10.
Set Y ={y1, y2, . . . , ys}. Since H is not K1,2, s2. If T −Y is non-star tree, then by the inductive hypothesis, T −Y
is V1(T − Y )-good. By Lemma 3.2, T is also V1(T )-good. If T − Y is a star, we see that T is V1(T )-good as illustrated
in Fig. 11. Consequently, the theorem is proved.
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